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We propose a new measure of relative incompatibility for a quantum system with respect to two non-
commuting observables, and call it quantumness of relative incompatibility. In case of a classical state, order
of observation is inconsequential, hence probability distribution of outcomes of any observable remains
undisturbed. We define relative entropy of the two marginal probability distributions as a measure of
quantumness in the state, which is revealed only in presence of two non-commuting observables. Like all
other measures, we show that the proposed measure satisfies some basic axioms. Also, we find that this
measure depicts complementarity with quantum coherence. The relation is more vivid when we choose
one of the observables in such a way that its eigen basis matches with the basis in which the coherence
is measured. Our result indicates that the quantumness in a single system is still an interesting question
to explore and there can be an inherent feature of the state which manifests beyond the idea of quantum
coherence.
I. INTRODUCTION
It is generally believed that quantum superposition
and entanglement are two primordial quantum features,
which are responsible for giving us significant advantages
in the field of secure communication and computation
over the digitized information system [1–5]. However,
these are not exhaustive features that are akin to quantum
systems. Lately, relevant concepts like quantum correlations
beyond entanglement [6–9], coherence of quantum state
[10], set of stronger uncertainty relations [11–14] and
coherence of purification [15] came into picture, where
each of these concepts tell something about the quantum
system. All these come under the umbrella of a universally
accepted term called "quantumness". This motivates us to
re-conceptualize the idea of what is quantum in a quantum
state.
In particular, quantum coherence can be viewed as
a fundamental signature of non-classicality in physical
systems. It tries to capture the superposition or wave aspect
of a single quantum system [10, 16, 17]. Coherence can
also be used as a resource for certain tasks like better
cooling [18, 19] or work extraction processes in nano-scale
thermodynamics, many quantum algorithms [20–22],
quantifying wave-particle duality [23–25] and in biological
processes [26, 27]. The resource theory of quantum
coherence [28–36] along with other resource theories of
entanglement and thermodynamics [37, 38], have also been
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established. Recently, a resource theory framework for the
particle nature of a quantum system was introduced [39]
which quantifies what we mean by a ’particle’ in quantum
world.
Effort to understand and quantify the quantumness
in a single pure quantum system is still not complete,
and hence, it requires more investigation. Our idea is to
quantify quantumness in a state as something that will
depend on observables of our choice. Quantum coherence
reveals one aspect of quantumness with respect to one
observable (that fixes the basis). Here, in this article, we
formalize the quantumness of the relative incompatibility
of a state with respect to two non-commuting observables.
Relative incompatibility is defined as relative entropy
between the two marginal probability distribution of the
outcomes of joint probability distributions. These joint
probability distributions are obtained when measurements
of the two non-commuting observables are performed
in different order. We call this as the quantumness of
relative incompatibility. We show that our measure satisfies
standard properties like convexity and additivity. We also
show that for a pure quantum state, the quantumness shows
complementary behaviour with the coherence of a system
when we measure the coherence in the eigen basis of one of
the observables. This indicates that quantumness may be
fundamentally different concept than quantum coherence.
This article is organized as follows: section II begins by
defining quantumness of a state. We show that it satisfies
several realisable properties which are required to be quali-
fied as a measure. In section III, we show the complementary
nature of our measure with coherence, for a given choice
of basis. In Section IV, we give certain examples of pure
and mixed states to find out how quantumness behaves with
state and observable parameters. Finally, we conclude in
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2section V.
II. QUANTUMNESS OF A SINGLE QUANTUM SYSTEM
In this paper, we introduce a novel way to characterize
the quantumness of a single system. We try to quantify this
through the deviation of a quantum system from its classical
counterpart. In the quantum world, one of the key deviation
from the classical feature is the non-commutativity of the
observables. We define quantumness in the following
subsection.
Quantumness: We select two non-commuting observ-
ables A and B and perform projective measurements ΠA
and ΠB one after the other on the state ρ. This can be
done in two different ways, i.e., ρ → ΠA(ρ) → ΠBΠA(ρ)
or ρ→ ΠB(ρ)→ ΠAΠB(ρ) where ΠA(ρ) =∑i piAi ρpiAi with
piAi = |x i〉〈x i | and ΠB(ρ) =
∑
i pi
B
i ρpi
B
i with pi
B
i = |yi〉〈yi |.
Now if we take marginal probability distributions pA and p
′A
of the observable say A in each of these two cases (pA is ob-
tained when A is measured first and p
′A when A is measured
after B), we find that the two distributions are different as
long as the observables A and B are non-commuting. First of
all, let us assume that measurement of observable A involves
projection on basis |x1〉, |x2〉, ..... |xn−1〉 and |xn〉. Similarly,
for observable B, we have |y1〉, |y2〉, ...... |yn−1〉 and |yn〉 as
the basis. Then we have,
pA =
〈x1|ρ|x1〉, . . . 〈x i |ρ|x i〉, . . . 〈xn|ρ|xn〉T . (1)
On the other hand, if we make a prior measurement of B, this
changes the outcomes of A in the following manner, p
′BA
ji =
Tr[ΠAi (Π
B
j ρΠ
B
j )Π
A
i ]. After taking the marginal probability
distribution we have,
p
′A
i =
∑
j
〈y j |ρ|y j〉|〈x i |y j〉|2, (2)
for i = 1,2, ...n. The quantumness QA,B(ρ) for the system
ρ, under measurement of the non commuting observables
A and B is quantified by the relative entropy between these
two marginal distributions pA and p
′A. It is given by,
QA,B(ρ) = S(p
A||p′A), (3)
where S(.||.) is the relative entropy between the two probab-
ility distributions. The relative entropy or Kullback-Leibler
divergence between two probability distributions p(x) and
q(x) is defined as, D(p||q) =∑x∈X p(x) log p(x)q(x) .
Note: If we are looking at probability distribution of
various outcomes of A and we observe B after observing
A as given in (Eq. 1), it does not have any impact on the
probability distribution of outcomes of A. The joint prob-
ability distribution is given by, pABi j = Tr[Π
B
j (Π
A
i ρΠ
A
i )Π
B
j ],
where ΠAi and Π
B
j are the projective measurements for A
and B respectively. The marginal probability distribution of
the observable A is given by pAi =
∑
j Tr

ΠBj

ΠAi ρΠ
A
i

ΠBj

=
Tr

ΠAi ρΠ
A
i
∑
jΠ
B
j Π
B
j

= Tr

ΠAi ρΠ
A
i

. Hence, we see
that the probability distribution of the outcomes of A is
unaffected if we observe B after A. In fact, the probability
distribution changes and the quantumness of the system is
induced if we observe B before A.
We now collect defining properties that any functional Q
mapping states to the non negative real numbers, should
satisfy in order for it to be a physically consistent measure.
Q1: Firstly, we require that the quantumness should be zero
for all classical states, i.e., QA,B(ρ) = 0 for all ρ ∈ C , where
C is the set of all classical states and A and B are the non-
commuting observables.
Q2: Since the measure is defined through non-commuting
observables, QA,B(ρ) should be equal to zero for any state ρ
if observables A and B commute with each other.
Q3: (Convexity) From the physical perspective, we prefer
that quantumness can only decrease under mixing. This
leads to the convexity condition, i.e., QA,B(
∑n
i piρi) ≤∑n
i piQA,B(ρi), where pi is the probability of mixing such
that
∑
i pi = 1.
Q4: (Additivity) Given a measure QA,B(ρ) and a state ρ
one may ask the question of what happens to the meas-
ure when we increase the number of states, in particular,
is the measure additive or not. This is equivalent to the
condition QA,B(ρ⊗n) = nQA,B(ρ), that needs to be satisfied
for all integer n. Any measure satisfying this property is
said to be additive. A much stronger condition will be
QA,B(ρ1 ⊗ρ2) =QA,B(ρ1) +QA,B(ρ2).
A. Classical System
The measure proposed above is dependent on the observ-
ables A and B, which means that a state ρ can have zero
quantumness for some specific values of A and B and non-
zero for some others. On the other hand, it is also a measure
of quantumness present in state with respect to two observ-
ables. This motivates us to ask: are there any states which
give zero quantumness for all A and B. We call such states
as genuinely non-quantum states. These are similar to genu-
inely incoherent states, where coherence is zero irrespective
of the basis we select. An example of single particle system
with QA,B = 0 can be written as ρ =
1
n
∑n
k=1 |λk〉 〈λk|, where|λk〉 〈λk| is the eigen basis. The two marginals of the observ-
able A (for each of these cases when A is measured before B
and B is measured before A ) are pA = p
′A as

1
n ,
1
n , .....,
1
n ]
T
(T is the transpose of the matrix). Since pAi and p
′A
i have the
same probability distribution, quantumness Q(ρ) (we will
be using the notation Q instead of using QA,B from now on)
comes out to be zero.
3B. Commuting Observables
Let us choose two commuting observables, A and B.
Since they are commuting, they will have same set of ei-
gen basis. Let the orthogonal basis of observable A be
denoted by { |x1〉, |x2〉, ..... |xn−1〉 and |xn〉 }. Basis of
observable B will just be the permutation of the basis of
A. We denote the orthogonal basis of B by {|y1〉, |y2〉,
...... |yn−1〉 and |yn〉}. Then pA can be written as, pA =
[〈x i |ρ|x i〉] for i = 1,2, ... n. Similarly p′A can be expressed
as, p
′A = [
∑
i〈yi |ρ|yi〉〈x j |yi〉|2], for j = 1,2,...n.
Now, since 〈x j |yi〉 = δi j , we get pA equals to p′A. The
relative entropy of two identical probability distribution is
zero. So for commuting observables, quantumness Q(ρ) of
any state ρ will be equal to zero. This clearly indicates this
measure is a manifestation of the non-commutativity of two
observables in quantum mechanics.
C. Convexity
From a physical point of view, it is important to ensure
that any measure which quantifies quantum behaviour
in a system, should ideally reduce with mixing. This
essentially means that the measure should be convex, i.e.,
Q(
∑n
i ωiρi) ≤
∑n
i ωiQ(ρi) (where ωi is the probability of
mixing).
Suppose that ρ =
∑
iωiρi , where ωi are the associ-
ated weights with
∑
iωi = 1. We take two observables
A and B such that their measurement involves pro-
jection on ’k’ and ’n’ eigen basis, respectively. Then,
pABkn is defined as, p
AB
kn = Tr[
∑
nk(Π
B
nΠ
A
k)ρ(Π
A
kΠ
B
n)].
Using the above equation, pABkn can be transformed
into pABkn = Tr[
∑
nk(Π
B
nΠ
A
k)(
∑
iωiρi)(Π
A
kΠ
B
n)] =∑
iωiTr[
∑
nk(Π
B
nΠ
A
k)(ρi)(Π
A
kΠ
B
n)] =
∑
iωip
(i)AB
kn . Similarly,
we can write pBAnk as p
BA
nk =
∑
iωip
(i)BA
nk . Correspondingly, we
can write pAk and p
′A
k as p
A
k =
∑
iωip
(i)A
k , p
′A
k =
∑
iωip
′(i)A
k .
Henceforth, the relative entropy of pAk and p
′A
k becomes
S(p(i)Ak ||p
′(i)A
k ) = S(
∑
i
ωip
(i)A
k ||
∑
i
ωip
′(i)A
k )
= (
∑
i
ωip
(i)A
k ) log(
∑
iωip
(i)A
k∑
iωip
′(i)A
k
).
(4)
Let X=
∑
iωip
(i)A
k and Y=
∑
iωip
′(i)A
k . Then the above equa-
tion boils down to S(p(i)Ak ||p
′(i)A
k ) = X log(X )−X log(Y ). This
is a jointly convex function. Hence, S(
∑
iωip
A
k ||
∑
iωip
′A
k )≤∑
iωiS(p
A
k ||p′Ak ). It is a very useful property and it captures
the notion of the loss of information. It tells us that if we
have identifiable states ρi that occurs with probability ωi ,
the weighted average of their individual quantumness un-
dergoes a loss if we take a mixture of these states of the
form
∑n
i ωiρi .
D. Additivity
Next, we see that whether our measure is additive or not,
by which we mean that for any pair of states ρ1 and ρ2, we
have Q(ρ1 ⊗ρ2)=Q(ρ1)+Q(ρ2) . The quantity Q(ρ) also
depends on the two observables A and B. To collectively
quantify the quantumness in more than one qubit system,
we need to fix the observables A and B, and then calculate
the individual quantumness with respect to them. Let us
assume that the measurement of observable A involves two
projective measurements on |x〉 , |x⊥〉 basis and the outcome
of measurement A on qubit 1 is given by probability dis-
tribution, pA =

p1, (1 − p1)]T . Similarly, the outcome of
measurement A on qubit 1 after measurement of observable
B is given by, p
′A =

p
′
1, (1− p′1)]T . If we extend this to qubit
2, we will similarly obtain two probability distribution func-
tions corresponding to, first, the measurement of observable
A and second, the measurement of A after measurement of
B, pB =

p2, (1− p2)]T and p′B =

p
′
2, (1− p′2)]T , respect-
ively. Now, according to our definition of Q(ρ), we have
Q(ρ1) = S(pA||p′A) and Q(ρ2) = S(pB||p′B). We define the
joint quantumness as, Q(ρ1 ⊗ρ2) = S(pApB||p′Ap′B), where
pApB =

p1p2, p1(1− p2), (1− p1)p2, (1− p1)(1− p2)]T and
p
′Ap
′B =

p
′
1p
′
2, p
′
1(1 − p′2), (1 − p′1)p′2, (1 − p′1)(1 − p′2)]T ,
which is obtained by taking probabilities of all permuta-
tions of outcomes in two qubits. It can easily be shown (see
Appendix A) that the quantity Q is additive in nature, i.e.,
Q(ρ1 ⊗ρ2) =Q(ρ1) +Q(ρ2). (5)
III. COMPLEMENTARITY WITH COHERENCE
In the above section, we have defined the quantumness
measure Q(ρ) as the relative entropy of incompatibility for
the probability distribution of outcomes of an observable
A due to prior measurement of observable B. There are
other ways to quantify a quantum system such as coherence
[16], entanglement, discord and many others. The most
fundamental of these is coherence, which in some sense,
gives a measure of the amount of superposition present
in a quantum system. This motivates us to explore the
connection between these two fundamental quantities that
are trying to quantify the deviation from classical behaviour.
The natural question is: are they similar or complementary
in nature? There are several measures of coherence like the
l1 norm, the relative entropy of coherence, etc. Here, we
use the relative entropy of coherence C(ρ) to establish a
complementarity relation with Q(ρ). The relative entropy
of coherence is given by C(ρ) = S(ρd)− S(ρ), where S(ρ)
is the Von-neuman entropy and ρd is the density matrix
obtained from ρ by dropping all the off-diagonal elements.
Since Q(ρ) and C(ρ) are both basis dependent quantities,
we need to make several choices while trying to establish a
relation between them.
For a pure state ρ we will always have S(ρ) = 0, which
4Figure 1. The above figure shows the complementary behaviour of coherence and
quantumness. The red line shows the value of quantumness and the green line shows
the value of coherence in state |ψ〉= cos( θ2 ) |0〉+ sin( θ2 ) |1〉. The value of coherence
is calculated in computational basis. The observable A is fixed as measurement in
computational basis and B as σy .
leaves us with C(ρ) = S(ρd). If |ψ〉 is expressed in the
basis |a j〉, i.e., |ψ〉 =∑i ci |ai〉, the coherence in |a j〉 basis is
given by -
∑
i |ci |2 log |ci |2.
Now, we shift our attention towards calculation of
Q(ρpure). As shown in the section above, Q(ρ) is also a basis
dependent quantity and depends on, (a) the basis in which
ρpure is expressed, (b) the eigen basis of observable A and,
(c) the eigen basis of observable B. Since we are making
two measurements and computing relative entropy between
the two probability distributions, we can safely fix the basis
(|ai〉) in which the state ρpure is represented. This leaves
us with two places where we encounter dependence on basis.
Q(ρ) in given basis |a j〉: To calculate Q(ρ) in a given
basis, we need to fix the observables A and B while calculat-
ing p
′A
i and p
A
i . Let us assume that the observable A has the
eigen basis |µi〉. Then pAi can be expressed as pAi = |〈ψ|µi〉|2.
Now, since we want to calculate Q(ρ) in |ai〉 basis, we
choose observable A to have basis |ai〉, i.e., |µ〉 = |a〉. We
maximize over the possible measurements of B given by |bi〉.
The outcome after measurement of observable B is given by,
ρ
′
=
∑n
i |〈ψ|bi〉|2 |bi〉 〈bi |. If we perform the measurement
to observe A, we find that, p
′A
i =
∑n
j |〈ψ|b j〉|2|〈ai |b j〉 |2.
By definition, we have Q(ρ) = S(p
′A
i ||pAi ), using which we
can express
S(pAi ||p′Ai ) =
n∑
i
x i log
x i
zi
=
n∑
i
x i log x i −
n∑
i
x i log zi ,
(6)
where zi =
∑n
j |〈ψ|b j〉|2|〈ai |b j〉 |2 and x i = |〈ai |ψ〉|2. Note
that the first term is the negative of coherence of the pure
state, i.e., Q(ρpure) = −C(ρpure)−∑ni x i logzi . Since Q is
defined in terms of relative entropy, it will always be pos-
itive. Also, coherence in any state is always non negative.
The maximum value being one, allowing us to claim that
the second term, say D = −∑ni x i logzi , is always greater
than coherence, i.e., −∑ni x i logzi ≥ C(ρpure). Thus D is
always a positive quantity, and for pure states we have
Q(ρpure) + C(ρpure) = D. If A and B are mutually unbiased,
then |〈ai |b j〉|2 = 1d and D = log(d). In that case, we have
Q(ρpure) + C(ρpure) = log(d). (7)
This gives rise to complementary behaviour of quantumness
Q and coherence C , as the sum will always be bounded by
a positive quantity D (see figure (1) as a particular example).
Note: For a qubit in particular, if we use mutually un-
biased basis as observable B, we will always have p
′A =
1
2 ,
1
2 ]
T and the quantity D will always have value equal
to one. Q(ρpure) + C(ρpure) = 1. The marginal probabil-
ity distribution ( pA ) of outcomes of A when we first ob-
serve A followed by B is, pA =
〈0|ρ|0〉
〈1|ρ|1〉

. The marginal
probability distribution ( p
′A ) of outcomes of A, when we
make a prior measurement of B, which is in a mutually un-
biased basis is, p
′A =

1
2
1
2

. The quantumness of the qubit
becomes, Q(ρpure) = S(pA||p′A) = 〈0|ρ|0〉 log 〈0|ρ|0〉p′1 +
〈1|ρ|1〉 log 〈1|ρ|1〉
1−p′1 = 〈0|ρ|0〉 log〈0|ρ|0〉+ 〈1|ρ|1〉 log〈1|ρ|1〉−〈0|ρ|0〉 log p′1+〈1|ρ|1〉 log(1−p′1)−C(ρpure)+〈0|ρ|0〉+〈1|ρ|1〉. Therefore, the coherence and quantumness satisfy
Q(ρpure) + C(ρpure) = 1.
IV. EXAMPLES OF QUANTUMNESS
In this section, we take specific examples to study the
behaviour of quantumness Q, by selecting various states and
observables.
A. Dependence on observable A and B
Let us consider the case of state |ψ〉 = α |0〉+p1−α2 |1〉
(where α is real). In addition to that we consider two ob-
servables A and B whose eigen states are given by |a〉 =
a |0〉 + p1− a2 |1〉, |a⊥〉 = p1− a2 |0〉 − a |1〉 and |b〉 =
b |0〉+p1− b2 |1〉, |b⊥〉 = p1− b2 |0〉 − b |1〉 respectively.
For simplicity we assume that a, b and α take real values
between 0 to 1. The relation between quantumness Q in
state |ψ〉 for observables A and B, as defined above, is shown
in the contour plot given in figure (2). We notice that there
are several high quantumness regions (where the color of
the contour is red). The high quantumness of relative incom-
patibility region on the face where b = 0, corresponds to
observable A having this as basis {|+〉, |−〉} and observable B
5Figure 2. The above figure shows the variation in the value of Q when we vary the
state by changing the value of the state parameter α and vary the measurements A
and B, by changing a and b respectively.
is fixed in computational basis {|0〉, |1〉}. We notice that for
α2 = 12 it attains the maximum value of 1. Similarly, when
we look at the other face where a = 1 (which corresponds
to measuring A in computational basis), we find that it is
maximum for α = 1 or 0 and observable B has {|+〉, |−〉}
basis. It takes minimum value when both observables are
same. All the above examples show that quantumness in any
state increases if we change the observables A and B, such
that measuring B changes the outcome of A to maximum
uncertainty.
B. Maximum quantumness in computational basis: pure
state
Let us consider a pure single qubit state given by, |ψ〉=
cos( θ2 ) |0〉 + eiφ sin( θ2 ) |1〉 (where 0 ≤ θ ≤ Π and 0 ≤
φ ≤ 2Π). We want to quantify the quantumness of rel-
ative incompatibility in this state in computational basis.
So we fix the observable A as measurement in computa-
tional basis {|0〉 , |1〉}. We are free here to choose the ob-
servable B. If for any given state we choose the measure-
ment B, which gives the maximum value of Q, we obtain
the maximum quantumness in that state in the computa-
tional basis. We have shown the value of maximum Q
(Qmax = max|bi〉, S(pA(|b1〉)||p′A(|b1〉)), where |bi〉, is the
basis set of an observable B) for this state in figure(3). We
see that the maximum value is obtained when the state |ψ〉
is close to either |0〉 or |1〉 and reduces symmetrically in the
middle to obtain the minimum value when θ = Π2 . The hue
shows value of increasing quantumness (Q), where red de-
notes the maximum value and violet denotes the minimum.
Figure 3. The above figure shows the value of maximum quantumness in general
pure state, given by |ψ〉= cos( θ2 ) |0〉+ eiφsin( θ2 ) |1〉 (where 0≤ θ ≤ Π and 0≤ φ ≤
2Π) in computational basis {|0〉, |1〉}.
C. Maximum quantumness in computational basis: mixed
state
We can extend the same analysis in computational basis
to the mixed states. In this example we consider the state
ρ = p |ψ〉 〈ψ|+(1−p) I2 , where |ψ〉 = cos( θ2 ) |0〉+sin( θ2 ) |1〉
and p is the mixing parameter. Figure 4 shows the maximum
Figure 4. The above figure shows the value of maximum quantumness in mixed
state of the form ρ = p |ψ〉 〈ψ|+ 1−p2 I , where, |ψ〉 = cos( θ2 ) |0〉+ sin( θ2 ) |1〉 in com-
putational basis.
value of Q in the mixed state defined above. We see that
with mixing, the value of Q decreases. The maximum value
is obtained when it is a pure state |ψ〉 and the minimum
value is 0, in case of completely classical state. We note a
similar trend in pure states when we change the value of
θ , i.e., for θ = 0 or Π we obtain the maximum value for
any given value of p and the minimum value when θ = Π2 .
The hue shows value of increasing quantumness (Q) where
red denotes the maximum value and violet denotes the
minimum.
6V. CONCLUSION
Quantifying the quantum nature and understanding
what is quantum in a single system is of fundamental
importance. Here, we show that quantumness in a single
system may depend on the choice of observables for
which measurements are performed. In particular, we
conceptualize quantumness of the relative incompatibility
of a state with respect to two non-commuting observables.
We have shown that it satisfies the standard properties like
convexity and additivity. Most interestingly, for a given
choice of basis of a particular observable, quantumness
shows complementary feature with the coherence of a
system. This clearly indicates that quantumness of a state
is something quite different than the quantum coherence.
It is something that is only revealed in presence of two
non-commuting observables. We hope that our finding adds
new aspects to the notion of quantum for a single system
and may be useful in quantum information processing.
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Appendix A: Additivity
We take two qubit 1 and 2 and we assume that their states
are represented by ρ1 and ρ2 respectively. The quantum-
ness also depends on two observables A and B. We fix both
the observables to quantify the quantumness in each qubit.
The marginal probability distribution ( pA ) of outcomes
of A on qubit 1 when we first observe A followed by B is
given by, pA =

p1
(1− p1)

Similarly, the marginal probability
distribution ( p
′A ) of outcome of A on qubit 1 when we
first observe B followed by A is given by, p
′A =

p
′
1
(1− p′1)

Now we extend the same idea to qubit 2. The two mar-
ginal probability distribution ( pB and p
′B ) correspond-
ing to outcome of A when A was observed before B and
7after B is given by, pB =

p2
(1− p2)

, p
′B =

p
′
2
(1− p′2)

, re-
specxtively. The quantumness of qubit 1 becomes, Q(ρ1) =
p1 log
p1
p′1
+ (1− p1) log (1−p1)(1−p′1) Similarly, the quantumness of
qubit 2 becomes, Q(ρ2) = p2 log
p2
p′2
+ (1− p2) log (1−p2)(1−p′2) The
quantumness of composite system is given by, Q(ρ1 ⊗ ρ2)
= S(pApB||p′Ap′B). Here we have two independent joint
probability distribution as,
pApB =
 p1p2p1(1− p2)(1− p1)p2
(1− p1)(1− p2)
 , p′Ap′B =

p
′
1p
′
2
p
′
1(1− p′2)
(1− p′1)p′2
(1− p′1)(1− p′2)
 The quantumness of composite system becomes,
Q(ρ1 ⊗ρ2) = p1p2 log p1p2p′1p′2
+ (1− p1)(1− p2) log (1− p1)(1− p2)(1− p′1)(1− p′2)
+ p1(1− p2) log p1(1− p2)p′1(1− p′2)
+ p2(1− p1) log p2(1− p1)p′2(1− p′1)
= p1p2

log
p1
p′1
+ log
p2
p′2

+ (1− p1)(1− p2)

log
(1− p1)
(1− p′1)
+ log
(1− p2)
(1− p′2)

+ p1(1− p2)

log
p1
p′1
+ log
(1− p2)
1− p′2

p2(1− p1)

log
p2
p′2
+ log
(1− p1)
1− p′1

= p1p2 log
p1
p′1
+ p1(1− p2) log p1p′1
+ p1p2 log
p2
p′2
+ p2(1− p1) log p2p′2
+ (1− p1)(1− p2) log (1− p1)1− p′1
+ p2(1− p1) log (1− p1)1− p′1
+ (1− p1)(1− p2) log (1− p2)1− p′2
+ p1(1− p2) log (1− p2)1− p′2
= p1 log
p1
p′1
+ p2 log
p2
p′2
+ (1− p1) log (1− p1)(1− p′1)
+ (1− p2) log (1− p2)(1− p′2)
= Q(ρ1) +Q(ρ2)
